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AlIALYSIS OF GEOUITD EFFECT OF THE LIFTIITG AIRSCESVf 
3y Kontg-.omery Knight and Ralph A. Hefner 



SUIIIIAHY 



A study is presented of <^round effect as applied to 
the lifting airscrew of the type used in modern gyroplanes 
and helicopters. The mathematical analysis of the prol)-- 
lem has "been verified "by tests made of three rotor models 
in the presence of a large circular "ground plane," A 
method of approximating the decelerating effect during 
vertical approach to the ground hcas heen devised* The re- 
sults of the study are presented in the form of conven- 
ient charts. 

IITTRODUCTIOIT 



Proximity to the groLind has a pronounced effect on 
the aerodynamic characteristics of the lifting airscrew. 
Ground effect is therefore of importance in the study of 
the landing and the take-off qualities of gyroplanes and 
helicopters, ilo comprehensive attack on this prohlem has 
thus far "been found hy the writers although it has been 
mentioned occasionally in the literature (references 1, 2, 
and 3), and an approximate mathematical analysis has heen 
made by Eetz (reference 4). 

The investigation described in this report was under- 
taken to ohtain a general solution of the problem of 
ground effect on the lifting airscrew. It constitutes a 
portion of a "broad program of research on the lifting 
airscrew that was instituted several years ago at the 
G-eorgia School of Technologj^. 

The investigation consisted of a mathematical analysis 
of ground effect, the validity of v/hich was verified by 
tests of three lifting airscrew models oper-ating in proxim- 
ity to a large, circular ground plane » A method of a^piorox- 
iraating the decelerating effect on a lifting rotor during 
vertical approach to the ground was also devised and is 
presented in the appendix. 
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MATHEMATICAL AlIALYSIS 



In the approach to the problem of ^^round effect from 
the mathematical standpoint, it was decided that applica- 
tion of the reflection method to the static-thrust" analysi 
as developed in reference 5 offered the greatest Tjossihil- 
ities. The complexity of the mathematical analysis made 
expedient the following assumptions: 

1. The numher of blades could be taken as infinite. 

2. The usual angle approximations could be made 

because all angles associated with the induced 
velocity were small, 

3. Rotational and radial components of velocity and 

tip effects could be neglected. 

4. The slipstream contraction could be neglected. 

These assumptions are now generally used in lifting- 
airscrew analyses. It was discovered, however, that the 
principle of the aerodynamic independence of blade ele- 
ments (reference 5) is no longer valid v/hen the airscrew 
is near the ground; hence an exact general solution for 
ground effect is practically impossible. An approximate 
solution was reached by the expedient of specifying, for 
analytical purposes, that the circulation along the air^ 
screw blades be constant, that is, independent of both the 
radius and the distance above the ground. 

If the rotating blades are twisted in such a manner 
as to keep the circulation along them constant, there are 
trailing vortices only at the tips and the roots of the 
blades. For a rotor with infinitely many blades, the 
trailing tip vortices form a cylindrical sheet of vortic- 
ity of strength k per unit length. 
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I'^liGn the rotor is a distance Z a.'bovo the {ground, 
the effect nay 'bo represented "bv iDlo^cing a second cylin- 
drical vortex sheet of. equal lenr^'th and strength "but of 
opposite direction p.t the end of the first cylinder as 
shown in fiyj;ure 1» The first cylinder, v/hich is associated 
v/ith the actua.1 airscrew, is thus mirrored "by the second. 



I ndu ce d Velocity 

In reference 5 it v/as shov;n tha.t the axial induced 
velocity at a point due to a cylindrical vortex sheet was 

equal to ti.^ies the difference in the solid an.'^les 

4-TT dZ 

sul^t ended "by the ends of the cylinder. Thus, for a point 
P (fig^ l) the induced velocity in the Z-diroction due to 
cylinder A is , ' 

• . • dZ 

v;her e 

r circulation 

a solid anc^le at P siiht ended "by rroimd trace of rotor 
The induced velocity due to cylinder "B is 

k 

= - ( a - p ) — 

v/here p is the solid an^le at P sulDtended 'oy the re- 
flection of the rotor. Addi2ig these two velocities, the 
induced velocity in the Z-diroction at point P is found 
t 0 he 

V 



Lotting X = I = 2/E, and" sottin.5 up the inte- 

grals for these solid an.;:les, 
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TT 



w = 



IT 



1 " cos 5 

+ 1 - 2x cos 8 



I + x' + l-3:<: cos 6 

de ( 1 ) 



41 + x + l-2:<:cosG-i 
On reducing these elliptic inte.-ra,ls to standai-d foi'n. 



v; 



TT 



\ 



Z ' + (1- 



1 + .0/ \(l+x)^ 




r + (i+x)' 



17 



Ai + (i+x) 



A-l^ -V (l+x)'''-^ 



\1 



v(i+-<) y + (i+x)"/ 



(2) 



vrhere F and FI are ^^oi.-iple t o elliptic integrals of the 
first and the third kinds, re crpectiTcly* 

17hen the ^^o^-"^"^ ? is in the center of the cylinder, 
X = 0, and w reduces to 



= kl 



r + 1 .A r' 1 J 



(3) 



When the point P i s at the tip of the hlade , x = 1 
tut the expresnlon in equation ( ^; ) for v; "becor-ics indoter 
ninate. Going "ba-ck to equation (l), setting x = 1, and 
then intooTating, the ind.uc0d. velocity at the tip "beconcs 



kl 



Tr7 r + 4 



kl 



1+4 2tt 



tt/i^ 1 



I + 1 



(4) 



This expires si on turns out to he the result that would 
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"bo oDtaincd fro:a equation (3) if x = 1, and it is assunod 
that the indc t Gr:?.i nat G value 0 x co , v/hi ch . ari se s , is zero* 

For this par t i culrar inde t err.iinrit e fori:, hov/cver, the 
two variables involved are independent, and the indeterni- 
nate form cannot be evaluated by the usual nethcds. Equa- 
tion (4) is the value obtained when x approaches its 
Unit first and is not .? the value desired. The value re- 
quired is obtain.od v/hen 6 approaches its linit first, 
and then x approaches its liniting value. This value is 
different fron that obtained in oq_uation (4). 

In order to find the difference in the tv/o nethods, 
consider fir^urc 1. If r approaches H fron cither side, 
it is obvious that the solid anj:::lcs a and p arc both 
continuous and approach the value they have when r = 
On the other hand, the solid canglc of the rotor disk it- 
self, as r approaches P. fron the inside, is a constant 
and is equal to 2tt , The solid an^-^le of the rotor disk 
v/hen r = R is tt and, when r approaches R fron the 
outside, the solid an{;le is sero. 



Let 




j^j induced velocity approac?.ed at tip fron inside 



(w^) induced velocity at the tip 



(v7. ) induced velocity oppr oachov''. at tip fron outside 



Then, when r = 




TT - 2a + P 




2tt - 2a + p 



k 



P - 2a 

4Tr 



k 



Fron these 



expr e s si ons , 



it can be seen at 



once that 



(wi") = (w.) + 0,25 k 



(w^) = (w^) - 0.25 k 
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Thus, "both (v/^ ) and (\-r^ ) can easily l:e conputccl "by 
using equation (4), Curves of (v/^/k) and {vr^/k) against 
Z/R are ^ivon in figiire 2. 

¥hen the point P is soncwherc "betv/con the center and 
the tip (C < X < l), it is extremely tedious a,nd diffi- 
cult to conpute the inciuced velocity with a high degree of 
accura-cy if equation (s) is used. This difficultjr is due 
to the presence of the elliptic integral of the third kind 
for v;hich no ta'bles are available. Thus, the exact solu- 
tion is foxind to *be of no practical valtie . 



Methods of Approximation 

Tv/o methods of approximating the induced velocity "be- 
tween the extreme values may oe used. The first m.ethod 
is to airipr oximat e the integral in eauation (l) ly Simpson's 
rule. This method yielded a satisfactory degree of accu- 
racy for values of Z/R up to 2 except near the tip. As 

X ►^H, and for valties of Z/R > 2, it was found im.possi*- 

"ble to determine w with any degree of a.ccuro.cy v/ithout 
computing a prohihitivo num/oor of ordinates. 

In order to ottain an expression that could "be used 
for the larger values of Z/R, the induced velocity was 
exiDressod as an infinite series of Legendre ' s polynomials. 

Let C (fig. 3) "be a circular vortex ring of strength 
r, tho center of v/hich is taken to "be the origin of a sys- 
tem of polar coordinates. (iTote that sriall r in fig. 3 
is a different r than shown in fig. 1.) 

The potential at any point P due to this vortex 
ring i s- 

r 

$ = w 

where w is the solid angle sul^t ended at P "by the ring. 

If 6 = 0, the point P .is on the axis of tho cir- 
cle and 

3tt f 1 ^^=^1 

+ r^^ 
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Hence 



2 \ 



+ r 



Expanding in vovers of r "by the 'binoniial theorem, 

'vT^hich converges for all va,l\ies of r greater than a. From 
this result it is possible to deduce the potential at any 
point in space outc-ide a sphere whose radius is a. 

The potential soU':;ht i^ a solution of the equation 

$ = 0 and is svmnotrical about the 6--axis. The solu- 
tion is therefore capaole of "being expressed as an infi- 
nite series of the form 

$ = Z 3^ -~ (cos 6) ii^ r > 1 (5a) 
n-i 

v/here the B^s are constants and the (cos 6) terms 

are Legendre's polynomials. 

V/hen G = 0, cose=l, P^(l) = 0 and 

1 

5) = Z 3^^ "n r > 1 (6) 

When G = 0, the point P is on the axis, and equa- 
tions (o) and (S) must he identical. Equating coeffi- 
cients, solving for the 2's, and substituting them in 
equat i on ( 5a ; , 



CD 



$ = L L -. b.:-^— („j p (cos e) 



1 I 



r > a (7) 



Consider nov/ a cylindrical vortex sheet of strength k per 
unit length. Let the length of the cylinder he Z and let 
the Z-axis of a rectangular set of axes "be the axis of the 
cylinder (fig. 4). Furthermore, let the near end of the 
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cylinder "be "b units frora tlio ori^iin and lot "b oe 
greater tlian the racists H. 

Consider an elementary section of the cylinder of 
l3n£:th dZ , Since the stren,^::th per unit length is k, 
k = dr/dZ, and the strength of the elementary section dZ 
i s 

45 dZ = k dZ 
dZ 

If the strength is considered to "be concentrated along 
the circle splitting the center of the elementary section, 
the differential of the potential at the point P can be 
found "by using equation (7), and 



d$ = - Z '-^ll^ (--M=^) P.Jcos tan-' ^) dZ 



The series in equation (3) converges if J^Z'' + a^ > R 
and, since h > R, the r.eries converges over the entire 
cyl i nder , 

The potential at point ? due to the entire cylinder 
i s t ri e r e f o r e 

^ ^ f dZ 



But the indiiced velocity in the Z-direction due to the 
cvlindrical vortex is 



35 _ , 



nl3 

+h 



^1 

To simplify/ the exiir e si on for V7, let 



;nen 



1^ 

O u \ 
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which is valid as long as b > R. 



It is important to note that at P (fig. 4) w is 
equal to the difference in the potentials duo to the two 
ends of the cylinder if they are considered to "be vortex 
rings of strength k. Hence, it is clear that the induced 
Velocity in the Z-diroction at a point in the end of a cyl- 
indrical vortex of length > R is 



(10) 



Hence, the ground effect on the induced velocity at 
any point in the rotor is the difference "between equa- 
tions (lO) and (9) v:hcn hoth Z^ and 1) are replaced hy 
Z, Thus 



w = - 2 \1/(Z) + \1/(2Z) if Z > R 



(11) 



Let 



R 



X = — 



The first fev/ terms of equation (ll) are 



2 LL2 V4i^+x 



Pp (cos 6 , 



Pa (cos 62 ) 



16 V41 



Pg ( C 0 s 62) 



+ 1 



- 2 j^^ (-2^-) (cos Gx) 
L2 +x 



- - i-^^-i) P4 (cos 8^) + p6(cos 61) 

8 \l^+x^/ ^ 16 \4l^+x^/ 



i 



(12) 



where 



= tan 



'1 X 



= tan""^ — X < 1, I > 1 

^ 21 
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Equation (12) was used to compute values of w for 
I = 2 and 1=3. 

The values of w o"btained "by this second method of 
approximation were checked against those found "by tho first 
method. After cross-plotting and fairing, curves were ob- 
tained tha.t represent with a fair degree of accuracy the 
induced velocity along the iDlade for various values of 
Z/R. These curves are givgn in figure 5, 

Thrust 

expressed in reference 5 "by 
cp) x^ dx (13) 

slope of lift curve for infinite wing 

a rotor solidity (Bc/ttH) 

9 "blade incidence 

cp induced flo\^ a^^-gle 

X r/R 

3 numher of "blades 

c chord of hlades 

By assumption, the circulation p Is constant along 
the "blade, and since for constant chord "blades (reference 
5), 

r = ^ ao (e - cp) Or 

= 4r ^0 (6 - cp ) QRx 

where Q is the angular velocity of the rotor. 
Thus 



The thrust coefficient is 
the integral 




where (fig. 6) 
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2 r 

(6 - cp) X = = constant (14) 

3c a^ n r 

Ec[uation (13) may nov/ "be written 

Crp = a^ a(e cp) X X dx 

o 

1 



a 



2 

or 



a(6 ~ cp) X 



a = ^ - ^ ^o(6^ - 9^) X (15) 



Eq^uation (l4) shows tha.t the thrust is independent of 
Z/R on the "basis of the assumption that the circulation 
r is constant along the hlade and independent of altitude, 
The thrust can therefore "be found from the thrust curves 
for infinite Z/R obtained in reference 5. Thus, the 
thrust coefficient may ho expressed as 

= ~ a^ (6^ ^ cp^ ) (16) 
2^0 ^0 

Total Torque 

The total torque coefficient of the lifting airscrew 
may he v/ritten (reference 5) as 

Q,^ induced torque coefficient 
i 

Qg- -nrofile variation toraue coefficient 
€ 

Q,(j minimum profile torque coefficient 
^ (6/4a^) 

6 minimum profile drag coefficient 
of blades 
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Pr of ile-Variat i on T or que 

The coefficient of profile-variation torque is defined 
in reference 5 "by the integral 

1 

(y e I a 2 (r-co)"' dx 



e I a^2 (e~cp)' 



0 

A.^*ain "by using ec[uation (4), 

1 



C,^ = a 2 (e-cp) / X dx 

■^o 



(9 



O c T 2 



Thus prof ile-vari9,t ion borque is also independent of Z /H 



I n d u c e d Torque 

Unlike the profile-variation torq_ue, the induced torque 
is not independent of Z/R. 

In order to conpute the indMCod torque from the induced 
velocity already determined, it ^-jas fouiid expedient to de- 
rive a relation "betv/ccn the induced torque, the thrust, and 
the induced velocity for a sin<2;lo finite cylindrical vortex 
sheet, a<nd then to specialise tho result for the case of 
the doiihle vortex sheet representing the ground effect. 

The induced velocity approaclied at the tip of the 
"blade for a finite cylindrical vortex sheet is 



1 dr 



- 4Tr dZ 



X 



Solving for dp/dZ 
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ITov; 



dZ 



dr 



4tt V/, 



r 



(17) 



v/lier e 



d = 



Usin^; these relations, eoiiation (17) becorie; 



r 



! W ( Z p ) - w ( Z , ) 

L J: 



Solvii:,^ this exTore r. si on for 



" o 



TJsin.^ this valiio of , equation (17) loecornes 



dZ 



c r 



!'w(Z.,"^ - w(Z, )1 



(18) 



liov; the induced velocity anv^her^ alon^; the l)lade is £;iven 



\J = 



1 ^ 1 



47r 



L < I 

'sing the value of dr/dZ fro:n eovtation (18) 



Imow 



4tT 



r = Be (e - (p)Q r 



(19) 



Be 
ttI" 



(6 - cp) vr 
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Placing this value of T in equation (l9) 



or 



w = 



cr Q R Tg- 



/2 



1 



(20) 



The ind-aced torque is given by the expression 

R 



<^i 



2 
P 



3c a. 



2 3c ap xt 



•i 



(6-cp) r cp dr 

(6 -"4)) X cp dx 



r 



Since "by equation (l4), (S ~cp) x is a constant, 

1 



^i = 



p 

2 ao 



-,4 



(P x^ dx 



2cr ^ (t~cO X 

^ / w X dx 

n R ,/ 
^' 0 



Using equation (15), 



2 % 
cr n R 



w X dx 



Using the value of w found in equation (20), 
3 /a 



qcr. = -7= 
1 V2tt 



(Z^)-w(Z,) 



TTTl 



Jx >i 



1 

n r r- -| -s 

w(Zfe )-w(Z3_ ) I ' X dx 

Jx< 1 J 

(21) 



In the case of f:round effect, instead of the induced 
velocity raereifer heing pr opor t i ona.1 to the difference in the 
solid angles viiz^) and wiZ-^) as in reference 5, a. more 
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complex relationship exists. In order to change equation 
(21) so that it represents ground effect, replace 

v/here v;(z/R,x) i 

the function given "by equation (l). 

Hence> in the case of ground effect. 



\j{ ~, X 



If 



?hen 



or 



w(f.l 



+ 11 /5 



k 



X dx 




X dx 



3/2 



«o, = ^ (I) - 



3 /2 



since the thrust is constant. 

A convenient method" of expressing gr o^ind. effect is tc 
plot the change. of torque coefficient against altitude f 0 2 
the condition of constant thrust coofficicnt. The use of 
the coefficient (reference 5), 



Q, 



(7 



a. 



rn 1 n 



gives the simplest result. 

The analysis has shov/n that 



0 « = 

'a 



f C^) 2€ T, ^ 



and 



for 



.H/ -^0 

1 rn 3 /2 



a. 



,71 2 



Z/R 
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The change in 



torque may 



thus "be written as 



A 




1 1 




1/2 



and this parameter is given in figure 7 for a range of 
values of . 



In order to verify the foregoing nathenat i cal analy- 
sis, tests on three rotor models v/ere made in the presence 
of a large, circular ground plane. These tests v:ere made 
in the open throat of the G-eorgia School of Technology 
9-foot wind tunnel. 



Three rotor models vrith two, three, and four "blades, 
respectively, a.nd a diameter of 5 feet v/ere used. The 
same m.odels had "been employed previously in the static- 
thrust tests (reference 5). Each "blade had the ITACA 0015 
profile and a chord of 2 inches from the 5-inch radius to 
the tip* There v/as no twist. The "blades v/ere hinged hor- 
izontally'" at a radius of 1 inch and \\^erc "balcanccd ahout 
the quarter-chord line, v/hich intersected the axis of rota,- 
tion. The "blade incidence was adjustalile. 



The method of mounting the models and measuring the 
forces is descri"bed in reference 5. An improved drive, 
however, v/as used in the pres.cnt tests. It consisted of a 
1-hor sepower , throe-phase synchronous motor driving the 
model through gearing and shafts. Thus, the model speed 
was constant v/ithin sm.all limits at 900 rpm hecr-uso the 
frequency variations in the line were negligihlc. 



EXPSRIilEITTAL DATA 



P.otor Mo6.els 



Test Apparatus 
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The ground plane conr>i steel of a disk of l/4-incli ply- 
wood, 12 feet in diancter, gone r ously re inf or c od at the "back 
as Ghov/n in figure 8. It was uountcd so to slide on a 
steel tul^e suspended "by cajoles. A spring-operated pin en- 
gaged holes in the tube to lock the plane in position v/ith 
respect to the rotor, v^hich was turned into the- tunnel dov/n- 
uind direction, as shown. This ar ranger-ient pornitted a- 
range of distances frora 0,25 to 2.20 in terns of the rotor 
radius to be \ised. Pigurc 9 shox^rs the set-up v/ith. the 
three-lDlade rotor as viewed fron the entrance cone* of the 
tunnel ♦ 

The test i^roccdure consisted of setting the blades of 
the nodel at a given angle using the incidence jig de- 
scrihed in reference 5. The rotor was th^on • r.iount ed in the 
timnel, and the thrust and the toraue were neasured for 
each position of the ground plane. 

The experimental data, thus ohtr-inod v/ore rediiced to 
the nondinensi onal forms used in the nat henat i cal alValysis 
v/ith the aid of the following oquat ions : 



T 



2T 



0" p. ^2 2 2 

o TT R n R 0' 



! _ 



0" 3 3 

p TT 2. fin a 

where Q/r-iri ^^^^ neasured torque where 0 = 0. 



HSSULTS DISCUS SI GIT 



A conparison of t:LC results of the tests with those 
of the nathouatical analysis is presented in figure 10. 
In each of the sections of figure 10 the curve of 0^' 

against T^- for Z/H = oo is plotted as ootained from 

tahlo I of reference 5. The values of tr.e torque coeffi- 
cient for Z/R ^ 0.25, 'J^oO, 1.00,, 1.50, and 2.^00 have 
"been computed from the relationship 

0 ' ~ AO* 
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where tho appropriate values of A have hccn ohtaihed fron 
figure 7. Those, curyos of Q,q-' are also drai/n in the fig- 
ures, and the test points are spotted infer conparison. 

It will DC noted from these figures that the agreement 
"betv/een the experimental and the analytical values of Qg-' 

is quite good except for Z/R = 0,25 and 0.50 v/here, as 
might he erqpected, the rotor hlades "begin to stall at the 
larger angles "because of the sharp reduction in induced 
velocity. This stalled condition was, of course, accentu-. 
ated "by the low Heynolds numher at v/hich the "blades were 
operating during the tests'. 

The agreement lietween the experimental and the ana- 
lytical results is all the more nota'ble in that the dis- 
trihution of circulation along tho hlades is entirely dif- 
ferent for the two cases. Even large changes of distri- 
"bution appear, however, to produce only slig'ut changes in 
total thrust and torque, as is generally true of airscrev;s. 

Inspection of ta"bles I to III shows that, for constant- 
chord, constant-incidence rotor "blades, the torque coeffi- 
cient changes very little at distances from the ground 
greater than z/R = 0.-50. This form of airscrev/ might, 
therefore, he termed the " const a^nt-torque" type in contra- 
distinction to the hypothetical " c on s t ant - 1 hrus t " type 
used in the theory. 

Evidently then, the constant -t or que rotor will experi- 
ence a change in thrust as it approaches the ground. An 
approximate representation of this thrust variation is 
given in figure 11, which was ohtained hy cross-plotting 
the curves of figure 10 for constant values of Q, cj^ • 

COITCLUSIOITS 



The following conclusions may "be arrived at as a re- 
sult of this investigation: 

1. On the assumption that the circulation around the 
"blades of a lifting airscrew is independent of 
radius and- ground distance, the variation in in- 
duced velocity due to ground effect may he set 
up either as an elliptic integral or as a series 
of Legendre's polynomials. 
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2* Ground effect on the thrust and the torque of a 
lifting airscrov; rapidly decreases with alti- 
tude, beconing practically lieglioilDle at a height 
equal to the rotor dianeter. 

3, The ground-effect test data olDta^inod on the 

constant-chord, constant-incidence rotor models 
shovr satisfactory agroenent v/ith the calculated 
re suit s . 

4. These tests also indicate tha.t the torque coeffi- 

cient is suh st ant ially constant except at very 
small heights a^bove the ground "but that there 
is a large thrust-coefficient increase a,s the 
rotor approaches the ground. 

5* It is possihle to arrive at an approximate theo- 
retical determination of the thrust-coefficient 
Variation with ground distance for conventional 
constant-incidence rotors "by using the constant- 
torque-coefficient condition. 



Daniel G-uggenhein School of Aeronautics, 
Georgia School of Technology, 

Atlanta, Georgia, May 29, 1940. 
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APPENDIX 

Deceleration Dne to Ground Effect 

An inportant applica.tion of i^^o'^^^d effect is its use 
in the vertical landing approach of a helicopter. The do- 
colorations thus experienced can "be shown to oe sufficient- 
ly large to afford a nethod of landing such a,n aircraft 
aut onat i cally and without appreciaole shock. 

The general eq^uation of notion of a helicopter in 
vertical descent is 

n a = T - V/ (1) 

v/herc 

a acceleration 
n nass of 3'iachine 
W weight of nachine 
T thrust 

This equation v;ill have the follov;ing fornfil: 

= T - ^ 

g dt 

or 

dV 5: 

— = i (T - W) (2) 
dt ¥ 

where 

V velocity of vortical descent 
Z vertical distance ahove ground 
t tine 

Equation (s) nay ho written 



dZ dt ¥ 
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or 



Y dV = g ( - - 1 ) dZ 



(3) 



In steady descent at altitudes greater than Z/R = 2,0, 
the initial thrust, T^, nay "bo taken as equal to the 
weight W, and so 



V dY .= g a 1 ) dZ 



= g R (i- - 1) dl 

0 



v/ner e 



I = 



Integrating "both sides of equation (5), 



(4) 
(5) 



V dV 



dl - 



J 



dl 



or 



0 

2g R 



dl - I + I 



a. 



(6) 



where 



Vq initial vertical velocity 

altitude ratio at which ground effect hecomes 
appreciable 



More conve.niently 



^0 



"a 



(7) 



•cr. 



The special case of V = 0 at I < is of interest 

"because it represents the • condi t i on of landing v/ithout 
shock. For this case, equation (6) hecomcs 
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An exact solution of equations (7) and (s) is inpossi 
"blc at present, "because the exact fern of T^/T^^ = f(Z) 
is not knov/n for vortical descent in proxirxity to the 
ground. An appr oxir.iat c solution is, hov/ovor, possilolc. 

It x^^ill oe notod in figure 11 that the effect of 
changes in Q,q-* on the ratio T^^/T^^ is not large. In 

addition, a recent investigation (reference 6) on heli- 
copter vertica^l notion con.ducted at this institution has 
indicated that, for rates of vertical descent up to 20 
feet per second, the changes in the thrust or the torque 
of a constant-incidence rotor are snail. 

Hence, "by the use of a value of of Q, = 3.0, v/hich 

is representative of nodern helicopters, the static-thrust 
variation of figure 11 nay ho use! in equations (?) and 
(s) to detcruine the vertical velocities of approach to 
the ground. The result is shown in figure 12, which gives 
a set of specimen curves that are illustrative of the ap- 
proximate solution of the prolDlen. A r.ore exact determi- 
nation would, of course, require taking into account the 
sna.ll effect of velocity on thrust and torque. 



Sxanple 

The following exanple illustrates the use of the 
curves of figiire 12 for a helicopter rotor of 20-foot radi 
us standing 10 feet off the ground v/hen the aircraft is at 
rest: 

Case I: To determine the permissihle velocity of de- 
scent for "automatic" landing v/ithoiit shock - that 

is, V = 0. 



The value of Z /R at the ground is 0.50. ?or this 
value at 
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and 



Vo = y 14.5 R 



= 17.0 feot per second 

(^asG II: To dotermino tlio velocity of impact for 
> 17,0 feet per second 



ii or 



R 



19.2 



However, since 



0.50 

'l9 .2 H . 

19,6 feet per second 
Y 



19,6 x 



= 9.80 feet per second 

It should "be noted that, for an increase of only 2#6 
feet per second in Y^, the velocity of impact Y changes 

from 0 to 9.8 feet per second, indicating that the auto-- 
matic landing condition is somewhat critical. 

Case III: To determine the oehavior of this helicop- 
ter ^^^hen Y^ < 17.0 feet per second v;ould require further 
investigation. It is evident that the machine v/ould not 
reach the ground and might even perform one or two verti- 
cal oscillations "before coming to the steady condition of 
hovering, llo knowledge of the damping coefficient of this 
motion is available, hov/ever, and the actual "behavior of the 
aircraft under such conditions cannot therefore "do predict- 
ed ^^^ith assurance. 
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TABLE I 

around-Ef f oct Tost Data for the Tv/o-Bladc Rotor 



(a = 0.04 24) 





1 z 1^- 




0.25 






Z/R = 


: 0.5 


Z 


/R 


= 


1.0 


9 

( deg) 


a 

1 


-a 


T 

a 


%' 


T 


a 






1 


C.41 






0 


.08 






0.29 


.0.03 


.0.19 




0.00 


2 


'1.00 






.35 






.75 


• 24 




56 




.19 


4 


2.21 






1 


.03 






1.87 


1 .00 


.1. 


52 




1 . 03 


6 


3 .41 






2 


.16 






3 .13 


^2.29 


2. 


69 




2.49 


.8 


■4.20 






3 


.47 






3 . 93 


'3 . 57 


3 . 


52 




3 . 75 


10 


•4.55 






4 


.20 






4.31 


4.24 


3. 


92 




4.52 


12 


■5.36 






6 


.57 






5.25 


6 .42 


5. 


01 




6.66 


14 


6.00 






8 


.50 






6.01 


9.12 


5. 


84 




9.15 






Z/E 




- 1. 


5 








Z/R 




2 


.0 


e 

( dog). 


T 

a 




T 


0 




1 


0 


.15 




0 


.00 




0. 


14 




0 


.00 


2 




.48 






• 


5 




• 


47 






.21 


4 


1.41 




1 


.05 




1.37 




1 


.05 


6 


■ 2.49 




2 


.57 




2. 


4 6 




2 


.59 


8 


3 


.29 




3 


. 8.1 




3. 


3.5 




3 


.85 


10 


3 


.66 




4 


.52 




3. 


59 




4 


.58 


12 


4 


.77 




6 


.87 




4. 


70 




6 


.92 


14 


5 


.58 




9 


.04 




5. 


55 




9 


.49 



26 HACA Technical ITotc I"o. 83 5 

TABLE II 

Ground-Effect Tost Data for the Three-Blade Rotor 



(a = 0.063 6 





Z/R = 


0.2 


5 ! 


Z/E = 


0.5 


Z/R = 


1.0 


6 

(dog) 


T 


Q 


i 

( 


n 

"a 




T 


a 


0 ' 

'a 


1 


0.25 


0. 


05 1 


0.15 


i — — 1 
-0.02 


0.12 


0.00 


r> 


.50 


.18 1 


.43 


.09 


• 


33 


.09 


A 


1.38 




51 j 


1.09 


.43 


.89 


.45 


6 


2.11 


li 


00 ! 


1 .83 


.95 


1. 


55 


1,02 




2.83 


1.77 1 


2.62 


1.83 


2. 


31 


1.95 


10 


3.69 


3. 


3 5 ! 
1 


3.50 


3.50 

_ _ . _ 


. 5.41 


3.57 


■ 


S/E = 


1.5 




Z/R = 


2.0 




6 

(deg) 


"o 








a 


1 


0.08 


0.00 




0. 


07 


0.00 


2 


.26 


.11 




• 


25 


.11 


4 


.79 


.45 






75 


.43 


6 


1.41 


1,03 




1.37 


1.02 


8 


2.11 


1.93 




2. 


08 


1. 


95 


10 


3.19 


3.58 




3.14 


3. 


68 
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TABLE III 

Gr ouncl~S f f e ct Tost Data for tho ^our-Blade Rotor 



(a = 0.0849) 





j 

Z/R = 


: 0.25 




Z/P- = 


0.5 




n 

a 


/E = 


1 


.0 


6 

(dog) 


u 

L_ 




m 


1 


m 


0" 


0 ' 

" CT 


1 


0.17 


0. 


02 




0.11 


0.00 




0,07 




0.00 


2 


.40 


• 


05 




.28 


.03 




• 


20 




.03 


4 


.95 


• 


25 




.73 


.21 




• 


57 




.20 


6 


1.46 


• 


52 




1.24 


.52 




1 ,02 




.53 


8 


2.02 


.98 




1.82 


1 ,00 




1,56 




1,03 


10 


2.53 


1. 


55 




2.58 


1 .59 




2.15 




1,70 




Z 


= 


1. 


5 






2 


= 


2.0 






e 

(deg) 


T 


a 


S ' 

"a 






T 


a 




1 

a 




1 


0. 


05 


0 


. 


01 


0,05 


0. 


00 




2 


.15 




.00 




• 


15 


• 


03 




4 


• 


50 




.20 




.47 


.19 




6 


• 


93 




.53 




,89 




53 




8 


1.42 


1 


.03 


1.38 


1,. 


02 




10 


1. 


99 


1.70 


1.95 


1. 


L3 
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Figfi. 2,5. 
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Jigure 5,- Induced velocity dletrlbation along rotor "blade. 




Jig, 6. 

Force and Telocity Vec'»orB for Blade Slement. 
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Figa. 7,10a. 
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